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Generally Covariant Schrödinger Equation
in Newton–Cartan Space–Time. Part I
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The covariant Schr¨odinger equation is obtained with the use of standard geometrical
objects of the Galilean space–time. It’s symmetry and covariance are investigated. Gauge
freedom is eliminated by invariance condition. Family of the plane wave solutions in
any coordinate system is found. Connection with previous investigations is discussed.

1. INTRODUCTION

Of late there has been a great interest in frame of reference rotating with a
constant angular velocity (BialÃynicki-Birula et al., 1994; BialÃynicki-Birula and
BialÃynicki-Birula, 1997; Bord´e et al., 1991; Kaliński et al., 1996; Lämmerzahl,
1996; Mashoon, 1988). The case of rotating motion with constant angular velocity
is exceptional in the sense that the correct Schr¨odinger equation can be uniquely
obtained from the classical Lagrange function (BialÃynicki-Birula et al., 1994;
BialÃynicki-Birula and BialÃynicki-Birula, 1997; Bord´eet al., 1991; Kalińskiet al.,
1996; Lämmerzahl, 1996; Mashoon, 1988). But this is not the case in general for
two reasons

(a) there is the problem with succession of operators;
(b) in general such operators appear that do not possesses any self-adjoint

extension.

So, a natural problem arises: to write Schr¨odinger’s equation in any noninertial
coordinate system. Duval and K¨unzle (1984) and Kuchaˇr (1980) gave such an
equation. Kuchaˇr gave explicit form of the equation for special observers, and in
the case of rotating observers it has a form unitarily unequivalent to that given by
BialÃynicki-Birula et al. (1994), BialÃynicki-Birula and BialÃynicki-Birula (1997),
Bordé et al. (1991), Kaliński et al. (1996), Lämmerzahl (1996), and Mashoon
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(1988) (see Eq. (6.11) and Eq. (4.17) of Kuchaˇr, 1980). But the Eqs. (6.8) and
(4.17) of his work are in agreement with these authors’ work. Equation (6.11)
written for rigid observers is incorrect. The Eq. (6.8) or (5.4) is essentially the
same as the equation given by Duval and K¨unzle. Duval and K¨unzle (1984) found
a covariance scheme of the Schr¨odinger equation in a very elegant way. They built
the so-calledBargmann principal bundle B(M) over the space–timeM (it is built
in a standard way, i.e. exactly as the principal bundleG(M) with the Galilean
groupG, but instead ofG the central extensionB (Bargmann group) of G is used.
Then, they found the most general connection formω on it.

But their scheme possesses too big a gauge freedom, and the number of objects
they use is also too big as considered in the Schr¨odinger’s equation context, that
is, those objects cannot be defined in terms of Newton–Cartan space–time(in the
appendix, the works of Duval and K¨unzle (1984) and Kuchaˇr (1980) are compared
in detail).

Moreover, it seems that if we want to have the wave equation in generally
covariant form a gauge freedom is needed (even in Galilean space–time). It is really
the case if we take into account only thecovarianceproperties (notinvariance).
In the literature concerning the problem onlycovarianceis taken into account
(not only in Duval and K¨unzle (1984) but also in the less known and quite recent
literature (Canaruttoet al., 1995; Vitolo, 1999). On the other hand, no gauge
freedom appears in description of a free quantum particle. This problem is solved
here, i.e. it is shown in this paper that the gauge freedom can be uniquely eliminated
by invarianceproperties.

There exists another important motivation for research in generally covariant
wave equation:the most general schemas of covariance provide a very natural
way in which the wave function interacts with other fields.

According to this idea, originated by Hermann Weyl (as to the author’s knowl-
edge), the interaction is realized by an appropriate definition of the connection.
Application of the idea to the nonrelativistic case has at least two justifications. The
first is that the nonrelativistic quantum mechanics is quite well understood and has
mathematical support, so it is a guide to the relativistic case (see Canaruttoet al.,
1995). The second justification is as follows: TheGalilei invariantwave function
in the electromagnetic field is still unknown, or the interaction of the wave function
with theGalileanlimit of the Maxwell equations as firstly found by Le Bellac and
Lévy-Leblond (1973). As was shown in Le Bellac and L´evy-Leblond (1973) there
are two different limits: electric and magnetic. The magnetic one is “more consis-
tent” with the quantum mechanics in the sense that the wave function obtained by
the minimal coupling is indeed covariant but in the electric case it is not. However,
the constitutive equations are nonlinear in the magnetic case (G. A. Goldin, private
communication). This needs an explanation.

The aforementioned problem does not contradict the agreement of the semi-
classical theory of radiation with experiments. It is physically reasonable (and of
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course physically possible) to assume that in comparison to the light velocity, atom
has small velocity when it interacts with the electromagnetic waves. After this the
Hamilton function of the atom is classical but the electromagnetic waves fulfil rel-
ativistic equations, there do not exist electromagnetic waves in the Galilean limit
of Maxwell equations (see Le Bellac and L´evy-Leblond, 1973).

In this paper, we have not dealt with the more general and most natural
coupling to other fields, the reader interested in it may refer to Canaruttoet al.
(1995), where some interesting ideas from this field are presented. We deal with
the coupling to the gravitational field and in part I mainly with the covariant wave
equation in the flat Galilean space–time.

In Part I the generally covariant Schr¨odinger equation is given. It cor-
rectly reproduces results of BialÃynicki-Birula et al. (1994), BialÃynicki-Birula and
BialÃynicki-Birula (1997), Bord´eet al.(1991), Kalińskiet al.(1996), Lämmerzahl
(1996), and Mashoon (1988) in the case of rotating motion with constant angular
velocity. The Schr¨odinger equation is obtained with the use of standard geometrical
space–time objects only, introduced independently by Da˘utcourt (1990). It should
be stressed that only the standard geometrical objects—and no other quantities—
are used. The explicit form of the gauge, which brings the equation to the form
invariant with respect to all space–time symmetries, is given. This establishes
the geometrical interpretation of the wave functionin Galilean space–time. The
phase f transforming the wave function9 is uniquely determined byinvari-
ance condition(see section 5). Also, the generally covariant formulation of the
classical mechanics is given and connection of the generally covariant Hamilton–
Jacobi to the generally covariant wave equation. This gives possibility of finding
the form of the plane wave in any coordinate system. All this would be very
difficult to obtain with the use of the method applied in Canaruttoet al. (1995)
(see the comments under the number IV of the introduction in Canaruttoet al.,
1995).

In Part II the generally covariant wave equation in the Newton–Cartan space–
time is investigated.

Because the notions ofinvarianceandcovarianceare important in our investi-
gations, we give strict and general definitions of them. Let us consider a space–time
M and the groupG (or pseudogroup) of transformations ofM (in our case the
group of diffeomorfisms).

Definition. There is given a geometrical objecty(y) in M with m components.
If for each pointx there exists a neighborhood such thatm numbersy correspond
uniquely to each point of the neighborhood; the correspondence is such that the
componentsy′ at each pointx in a new coordinate systemu′ depends only on the
componentsy in the old systemu and the transformationt of G, t : u→ u′, i.e.

y′ = F(y, t), t : u→ u′.
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See Schouten (1951) and Nijenhuis (1952) for the literature concerning definition
and investigation of the geometric objects.

Let us consider a physical system that by assumption is completely described
by an objecty (in the case of a free particley is the space–time curve—possibly its
history). The set of all possible values ofy (not necessarily realisable physically
by the system) will be called to be the set of “kinematically possible trajectories”
(kpt) (in the case of a freely falling particle the set of kpt consists of all space–
time curves, however, not necessarily geodesic curves). If they can be physically
realized, then it will be called “dynamically possible trajectory” (dpt) (in the case
of a free falling particle the set of (dpt) consists of all geodesics).

Definition. A groupG will be called covariance group of a theory if

1. The set of all kpt constitutes a geometric object under the action ofG.
2. The action in 1 is such that it associates dpt with dpt.

If a theory possesses a covariance groupG, then one can divide the set of dpt
into equivalence classes of a given dpt. Two dpt are defined to be members of the
same class if they are associated by an element ofG. Equivalence class represents
the same physical state of a system, but in a different reference frame. In general
it is possible to divideys in two parts—dynamicalyD and absoluteyA—in such
a way that:

Definition.

1. The partyD is that which distinguishes between various equivalence
classes.

2. yD constitute a geometrical object under the action ofG.
3. yA constitute a geometrical object under the action ofG.
4. Any yA that satisfies the equations of motion of the theory appears, to-

gether with all its transforms underG, in every equivalence class of dpt.

Exceptionally, when there exists only one equivalence class,y is wholly
absolute (especially theory describing flat Gallillean space–time is an example of
this exceptional case,y denotes full geometrical description of that space–time).

Definition. The subgroup of the covariance groupG, which is the symmetry
(invariance) group of all absolute objectsyA is said to be symmetry group of that
theory.

The explicit definition ofinvarianceis given in section 5.
In the case of the quantum theory of a free particle in Galilean space–time

all geometrical quantities describing space–time are absolute objects, of course,
and the inhomogeneous Galilean group is the symmetry group of that theory. In
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section 5 the explicit meaning of theinvariancecondition will be presented in this
theory.

The motivation to the use of the notion of thegeometric objectis that in our
case and in general case the quantities we are dealing with do not in general form
any representation ofG but they are always geometric objects. As an example,
let us consider the wave function. It is well known that it does not form any
representation ofG but only a ray representation.

The paper is organized as follows. In section 2 geometrical structure of
Galilean space–time is described following Da˘utcourt (1990). In section 3 gener-
ally covariant Hamilton–Jacobi equation is obtained with the help of Courant and
Hilbert’s theorem. In section 4 a generalization of Schr¨odinger Ansatz is given,
by which Schr¨odinger (1926) passed from Hamilton–Jacobi equation originally to
the Schr¨odinger equation. In section 5 Galileaninvarianceof the equation will be
proved. In section 6 it is shown that the equation correctly reconstructs results of
BialÃynicki-Birula et al. (1994), BialÃynicki-Birula and BialÃynicki-Birula (1997),
Bordé et al. (1991), Kaliński et al. (1996), Lämmerzahl (1996), and Mashoon
(1988). In the appendix, connection with the work of Duval and K¨unzle (1984)
and Kuchaˇr (1980) is presented.

2. NEWTON–CARTAN SPACE–TIME

Contrary to general relativity space–time the Newton–Cartan space–time (es-
pecially the Galilean space–time) is described by three independent geometrical
objects: the connection0µvρ , the gradient of absolute timetµ, and contravariant ten-
sor fieldgµv, with the rank equal to 3:gµvtv = 0. See Trautman (1963) for a more
detailed discussion. They are covariantly constant:∇µgλρ = 0 and∇µtv = 0. But
because the rank ofgµv(30µvρ) is not determined bygµv andtµ. With the help of0µvρ ,
however, covariant tensorgµv and contravariant vectoru can be defined such that

gλvgvβgβµ = gλµ. (1)

All the rest of that paragraph will concern the precise definition of covariantg
(and an additional object—contravariant vectoru, see (2) and (3)). Equation (1) is
not a definition, of course. The covariantg and contravariantu completely replace
the connection and are much more convenient herein than in the other connection.
0µvρ is determined by motions of free-falling particles, i.e. geodesics. Geodesic is
a solution of the Lagrange–Euler equations for a free-particle Lagrange function
L. The actionS of the particle in a Cartesian coordinate system (t, X, Y, Z) has
the well-known form

S=
∫

m

2

{
d X2+ dY2+ d Z2

dt2
− 2ϕ

}
dt

with the Newtonian potentialϕ. If one introduces a new parameterτ along the
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space–time curve of a particle instead of absolute timet , the action will take on
the form ∫

m

2

(
d X
dτ

)2+ ( dY
dτ

)2+ ( d Z
dτ

)2− 2ϕ
(

dt
dτ

)2
dt
dτ

dτ.

Then we write the last expression in arbitrary coordinates (xµ, µ = 0, 1, 2, 3)
(keeping the same parameter along the space–time curve) defined as functions of
the Cartesian coordinates (t, X, Y, Z):∫

m

2

aµv xµ· xv·
tσ xσ· dτ,

where dot denotes differentiation with respect to the parameterτ and tσ ≡ ∂t
∂xσ

(hereafter differentiation will be denoted by∂σ ). Lagrange functionL becomes
homogeneous of degree 1 in the velocitiesξµ

·
, and can be written as

L = m

2

aµv ξ
µ· ξ v·

tσ ξσ
· ,

with some covariant fieldaµv. The parametergµv can be interpreted as equal to
aµv, that is

L = m

2

gµv ξ
µ· ξ v·

tσ ξσ
· ,

and becauseL is determined up to full-parameter derivative

L → L +m
d f

dτ
,

gµv is determined up to the gauge transformation

gµv → gµv + tµ ∂v f + tv ∂µ f.

It is easy to check thatgµv defined in this way fulfils (1). As a second stepuµ is
defined in the following way

gµvgvσ = δσµ − uσ tµ
(2)

uµtµ = 1.

It is defined, of course, up to the gauge transformation

uµ→ uµ − gµv ∂v f.

Lagrange–Euler equations give the geodesic equation with the connection

0µvρ = uµ∂vtρ + 1

2
gµσ {∂vgρσ + ∂ρgvσ − ∂σgvρ} (3)
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as a gague-independent quantity. The last formula was proved independently by
Daŭtcourt (1990). Conversely, (3) and (2) up to the gauge determine covariantg
and contravariantu, so they may be introduced instead of the connection, as will
be done here. It should be stressed here that the covariantg and contravariantu
completely replaces the affine connection.

3. GENERALLY COVARIANT HAMILTON–JACOBI EQUATION

If the Lagrange functionL is homogeneous of degree 1 in velocities the
Hamilton–Jacobi equation can also be built up. In this particular case we have
det(∂ξ v· ∂ξ v· L) = 0 and H = −L + ξµ· ∂ξµ· L = 0 and the canonical form cannot
be reached by the Legendre transformation. In this case, however, the following
equations remain valid (see e.g., Courant and Hilbert, 1961).

∂ξµS= ∂ξµ· L

with the principal Hamilton–Jacobi functionS. Homogeneity relationξµ
·
∂ξµ· L = L

with ∂ξµSsubstituted instead of∂ξµ· L is the Hamilton–Jacobi equation

uµ ∂ξµS+ 1

2m
gµv ∂ξµS∂ξ v S− m

2
gµvuµuv = 0.

This is a particular case of the theorem of Courant and Hilbert for homoge-
neous Lagrange functionL. The Hamilton–Jacobi equation uniquely follows from
this theorem. With the help of this equation transformation properties ofScan be
investigated. From this equation, it follows that under the coordinate transforma-
tion S transforms as a scalar field and under the gauge transformationS has the
following transformation rule

S→ S+m f. (4)

The phase of the plane wave function describing a free particle is exactly equal to
S. Therefore from (4) transformation rule of the wave function9 follows. Under
the gauge transformationf namely, the transformation is

9 → e
im
h f
9

and under a coordinate transformation

9(ξµ)→ 9 ′(ξµ
′
) = 9(ξµ(ξµ

′
)).

4. SCHRÖDINGER’S ANSATZ AND THE EXPLICIT FORM
OF THE PLANE WAVE IN ANY COORDINATE SYSTEM

The covariant Schr¨odinger equation may be found with the help of slight-
ly modified Schr¨odinger Ansatz (see Schr¨odinger, 1926) using the covariant
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Hamilton–Jacobi equation. This derivation cannot be regarded as a proof. The
proof consists of the investigations of theinvarianceproperties of the wave equa-
tion presented in section 5. At the beginning a small modification of the Ansatz that
led to Schr¨odinger’s equationwithout timewill be presented. The modified Ansatz
leads to Schr¨odinger’s equationwith time(the original Schr¨odinger’s derivation
of wave equationwith timeis different, the presented Ansatz is based on Ansatz
of the equationwithout time). The starting point of Schr¨odinger’s considerations
was de Broglie’s hypothesis. He used the analogy

de Broglie’s wave←-------------------→ electromagnetic wave

classical limit↓ ↓ geometrical optics limit

classical particle←-------------------→ light ray

Eikonal is the counterpart of the classical actionS. Fermat’s principle is the counter-
part of principle of least action. From this he derived the form of a wave function9

9 = ae
i
h S,

wherea is a constant, which is cancelled by differentiation in the next steps. So,
this may be formally written as

S= h

i
ln9.

Schrödinger substituted thisS to the Hamilton–Jacobi equation

∂t S+ 1

2m
E∇S · E∇S= 0,

where the positive real numberE∇S · E∇S and real number∂t S was written as
h2 E∇9

9
· E∇9∗
9∗ and h

2i (
∂t9

9
− ∂t9

∗
9∗ ), respectively:

− h2

2m
E∇9 · E∇9∗ + i h

2
(9∗ ∂t9 −9 ∂t9

∗) = 0. (5)

However Schr¨odinger did not solve it. He probably thinks on the membrane
vibration theory and assumes that the wave function9 minimizes a functional∫ ∫

R3
`(9) dt d3x

quadratic in9 and its derivatives. He assumes that the Lagrange function`(9) is
equal to the left-hand side of (5). So, the Schr¨odinger equation follows from

δ

(∫ t2

t1

∫
R3
`(9) dt d3x

)
= 0,
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whereδ9(t1) = δ9(t2) = 0. To have the functional
∫ t2

t1

∫
R3 `(9) dt d3x well de-

fined, he assumes that9 tends to zero appropriately fast whenx goes to infinity,
so that ∫

R3
99∗ d3x = 1.

Now the generally covariant Schr¨odinger equation will be derived. The analogous
substitutions are

S= h

i
ln9,

uµ ∂µS= h

2i
uµ
(∇µ9

9
− ∇µ9

∗

9∗

)
and

gµv ∂µS∂v S= h2gµv∇µ9
9

∇v9
∗

9∗
.

Exactly as before these formulas are substituted to the generally covariant
Hamilton–Jacobi equation. The result of the substitution is as follows

i h

2
uµ(9∗∇µ9 −9∇µ9∗)− h2

2m
gµv∇µ9∇v9

∗ + m

2
gµvuµuv99∗ = 0.

The left-hand side of the last formula will be denoted by3(9). Following
Schrödinger the Lagrange functioǹof generally covariant Schr¨odinger equa-
tion will be defined as equal to3(9) · v, wherev is thenatural invariant measure
of Galilean space–time, that is, the wave equation follows fromδ(

∫
3v d4x) = 0.

Now it will be shown that this condition is equivalent to

∂3

∂9∗
− ∇µ ∂3

∂(∇µ9∗) = 0. (6)

The simplest way to compute thenatural invariant measure vis to pass to such a
coordinate system that has as one coordinate the absolute timet , and remaining
three coordinatesx as any space coordinates entirely lying in a simultaneity hy-
perplane. In such coordinates the volume elementv d4x is of the form

√
g dt d3x,

whereg denotes the determinant of Euclidean metric tensor matrix on a simultane-
ity hyperplane. It can be shown the Euclidean tensor is induced by contravariant
tensorg. The principle of least action is equivalent to

0 = ∂`

∂9∗
− ∂µ ∂`

∂(∂µ9∗)
= √g

∂3

∂9∗
− √g ∂xa

∂3

∂(∂xa9∗)
−√g∂t

∂3

∂(∂t9∗)

−∂xa
√

g
∂3

∂(∂xa9∗)
− ∂t
√

g
∂3

∂(∂t9∗)
= √g

(
∂3

∂9∗
− ∇µ ∂3

∂(∇µ9∗)
)

,
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where the explicit form of affine connection in the coordinates (t, x) has been
used (see Da˘utcourt, 1990):∂t

√
g = √g1

2gik ∂t gik = √g0a
oa, ∂xa

√
g = √g0b

ab,
0o

vρ = 0 and0c
ab is equal to ordinary Christoffel symbol of the Euclidean tensor

gab (time coordinate is denoted by 0, space coordinates are denoted by Latin
indices).9 and9∗ have been considered as independent functional variables.
Because the left-hand side of (6) is a scalar vanishing in (t, x) frame, it is equal to
zero in any coordinate system. Conversely, because Lagrange derivative of` is a
density of weight+1 (which (from (6)) vanishes in (t, x) frame) it is equal to zero
in any frame.

As to theinvariant measurein any frame of reference one has

Theorem. In any coordinate system (xµ) invariant measure v is

v ≡
√

det[gµv + (1− gαβuαuβ)tµtv].

Proof: First, gauge-independent covariant tensorMµv can be defined:

Mµv = gµv − gµλUλtv − gvλUλtµ + gαβUαUβ tµtv + tµtv,

whereU λ is any vector, such thatUλtλ = 1. TensorMλµ possesses the inverse
Mµv:

Mµv = gµv +UµU v,

that is, determinant ofMµv is not equal to zero and

Mµv Mvσ = δσµ,

if Uµ = uµ. Second, determinant ofMµv does not depend on Uµ fulfilling the
conditionUµtµ = 1. Indeed, one has

[∂Uµ Mµv Mµv]Uλtλ=1 = 0,

and

[∂Uβ det(Mµv)]Uλtλ=1 = [∂Uβ Mµv Mµv det(Mρσ )]Uλtλ=1 = 0.

The substitutionUµ d f= uµ givesv
d f=
√

det(Mµv(Uλ = uλ) mentioned earlier. As
the last step of the proof it will be shown thatv = √g in the coordinates (t, x),
wheret is the absolute time andx are the remaining three coordinates lying in
simultaneity hyperplane (g is defined as earlier). Substituting the explicit form of
gµv anduµ in (t, x) (see Da˘utcourt, 1990) one has

det(Mµv) = det

(
1+ gabgoagob gob

goa gab

)
= g+ ggabgoagob− ggabgoagob = g.

¤



P1: GCQ/ P2: / QC:

International Journal of Theoretical Physics [ijtp] PP190-341463 August 25, 2001 9:6 Style file version Nov. 19th, 1999

Generally Covariant Schrödinger Equation. I 1605

Because
√

det(Mµv) is a scalar density of weight+1 equal toinvariant mea-
sure in (t, x), it is equal toinvariant measurein any coordinate system (Eq. (6)
may be derived independently with the help of explicit form ofv).

From (6) one gets the generally covariant Schr¨odinger equation:

i huµ∂µ9 = − h2

2m
gµv∇µ∇v9 − m

2
gµvuµuv9 − i h

2
∇µuµ9.

It is evidently covariant with respect to coordinate transformations. It is covariant
with respect to gauge transformations too and unitarily equivalent to ordinary
Schrödinger equation in an inertial frame of reference. Moreover, the relation of the
generally covariant Hamilton–Jacobi equation to generally covariant Schr¨odinger
equation is completely analogous to the relation of ordinary Hamilton–Jacobi
equation to ordinary Schr¨odinger equation. For example, the plane wave in any
frame of reference with given canonical momentum is a solution of generally
covariant wave equation if and only if the momentum is equal to the gradient of a
solution of generally covariant Hamilton–Jacobi equation.

Now the form of a plane wave solution in any co-ordinate system can be
found. Canonical momentumpµ = ∂L

∂x·µ is a gauge-dependent covector and the
gaugef transforms it in the following way

pµ→ pµ +m∂u f.

It is necessary to compute canonical momentum in terms of a gauge-independent
quantity to find the plane wave solution, namely the fourvelocity of described
particle. Two momentas describe the same particle in two coordinate systems if
they are connected with the same fourvelocity. Such a definition is correct because
fourvelocity is gauge-independent quantity.

It is easy to show that

gµv pv +muµ = mVµ,

whereVµ is the fourvelocity. Then with the help of the covariant Hamilton–Jacobi
equation and the fact thatVµtµ = 1 one can compute

pλ = mgλµVµ − m

2
gµvVµVvtλ.

With a free-falling particle in a flat space–time the covariantly constant fourvector
field can be connected in a natural way such, that∇λVµ = 0 andVµtµ = 1. Then
the plane wave solution with the momentumpµ is of the form

9pµ (p) = e
i
h
∫ p

po
∂µS dxµ ≡ e

i
h
∫ p

po
pµ dxµ

.

The exponent is understood as a curvilinear integral. First, it should be stressed that
it is well defined because under the gauge transformation momentum transforms
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by δpµ, the gradient off , and
∮
δpµ dxµ = 0. Second, the plane wave defined in

this way fulfils the following five conditions

1. It is a solution of the Schr¨odinger equation.
2. Under the coordinate transformation it behaves like a scalar.
3. Under the gauge transformationf it transforms like

9pµ → e
im
h f
9pµ .

4. A gauge can be chosen such that the quantitiesgµv anduµ areinvariant
with respect to Galilean transformations (the gauge will be calledsymmet-
ric).2 The plane wave solution has ordinary plane wave form in an inertial
reference frame when the gauge issymmetric.

5. If one performs the transformationxµ→ xµ
′
and gaugef the plane wave

with momentumpµ goes into the plane wave with the momentum

p′µ′ =
∂xµ

∂xµ′
(pµ +m∂µ f ).

It should be stressed that there does not exist any plane wave solution when the
gravity field is present and the Riemann curvature is not zero.

5. THE EXPLICIT FORM OF THE GAUGE IN WHICH THE WAVE
EQUATION IS INVARIANT

Combining in an appropriate way the gauge transformation and coordinate
transformation one may bring in the situation whengµv and uµ are invariant
with respect to Galilean transformations. However, the condition of invariance
is not equivalent to putting the ordinary Lie derivative to zero. This is because
the quantities are not simply tensors when their transformation is combined with
appropriate gaugef (calledsymmetric)3

gµv → ∂xµ

∂xµ′
∂xv

∂xv′ (gµv + tµ ∂v f + tv ∂µ f )
(7)

uµ → ∂xµ
′

∂xµ
(uµ − gµv ∂v f ).

At the beginning the notion of theinvarianceof any object (whatever trans-
formation rule it has) will be given according to Schouten (1951). Let the points
of a regionR of space–time be subject to the point transformation

ηκ = f κ (ξλ). (8)

2 See the next paragraph for more detailed discussion of theinvariance and symmetric gauge.
3 Strictly speakinggµv composes a geometric object after the above defined choice of the phasef but
uµ does not. However,uµ together withgµv composes a geometric object.



P1: GCQ/ P2: / QC:

International Journal of Theoretical Physics [ijtp] PP190-341463 August 25, 2001 9:6 Style file version Nov. 19th, 1999

Generally Covariant Schrödinger Equation. I 1607

The functionsf κ are supposed to be analytic inR with a nonvanishing functional
determinant ∣∣∣∣∂ f κ

∂ξλ

∣∣∣∣ 6= 0,

and to be chosen in such a way that they determine a one-to-one correspondence
between the points ofR and the points of another regionR′. Now we introduce
another coordinate system (κ ′) such that each point inR has the same coordinates
with respect to (κ) as its image inR′ has with respect to (κ ′). The ξκ

′
must be

equal to the coordinates with respect to (κ) of the corresponding point ofR.
Hence, if

ξκ = φκ (ηλ)
is the inversion of (8), theξκ

′
must be equal to theφκ (ξλ and accordingly the

transformation of (κ) into (κ ′) and vice versa is given by the equations

ξκ
′ = δκ ′κ φκ (ξλ), ξκ = f k(ξλ

′
).

This process will be called thedragging along of the coordinate system(κ) by the
point transformation(8).

Now let some fieldS (eventual indices are omitted), be given inR. Let Ŝbe
a second field inR′, whose components with respect to (κ ′) in any point ofR′ are
equal to the components of the first fieldS in the corresponding point ofR. This
process will be called thedragging along of the field S by the point transformation
(8) andŜ will be called thefield dragged along. If R andR′ have some region in
common, the fieldsS andŜ can be compared. If thenS= Ŝ, the fieldS is called
invariant for the point transformation(8).

Substituting an infinitesimal transformation (8) and a tensor field forS to this
definition one gets that ordinary Lie derivative is equal to zero. But substituting
gµv anduµ with their transformation laws one gets

∂µ(δξρ)gρv + ∂v(δξρ)gµρ + δξρ ∂ρgµv = tµ ∂v f (δξ )+ tv ∂µ f (δξ )
(9)

∂v(δξµ)uv − δξ v ∂vuµ = gµv ∂v f (δξ ),

respectively, wheref is thesymmetric phase of the Galilei transformations, and
the infinitesimal Galilei coordinate transformation was substituted

ξµ→ ξµ + δξµ.
Symmetric phaseof the Galilean transformation (Galilean symmetry phase) in

any coordinate system can be computed with the help of the plane wave solutions.
Let (µ) be any coordinate system and let a geodesic of a free particle moving with a
fourvelocityVµ be given (Vµ is the tangential vector of the geodesic). Now let the
space–time points be subject to the Galilean point transformation (not understood
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as a coordinate transformation but as a point transformation). The transformation
moves the lines of (µ) coordinate system into (µ′) lines, and the first geodesic into
a second one with the tangential vectorV ′µ = Vµ + υµ, whereυµ is defined as a
fourvelocity of the Galilean transformation. Of course

υµtµ = 0 (10)

because

1= Vµtµ = V ′µtµ.

Again in a very natural way the covariantly constant fourvector field may be
connected with the Galilean transformation ( in a flat space–time) fulfilling (10)
i.e. entirely lying in a symultaneity hyperplane. Wave functions of the first and the
second particle are plane waves (built with the help of their fourvelocity fields,
respectively; see preceding paragraph). Let the wave phase of the first particle
in (µ) be S and the wave phase of the second one in (µ′) be S′. The Galilean
transformation is a symmetry if and only if

S(xµ, Vλ) = S′(xµ
′
, V ′λ

′
),

this is equivalent to

S(xµ, Vλ − υλ) = S′(xµ
′
, Vλ′ ).

With the help of this symmetry condition the quantity

∂v′S
′(xµ

′
, Vλ′) dxv′

may be computed, which gives the following theorem:

Theorem. Gradient of the symmetric Galilean phase is equal:

∂µ f = −gµvυ
v + 1

2
gλvυ

λυvtµ,

whereυµ is the velocity field of the Galilean transformation xµ→ xµ − υµ dt.

From (2) and (9) with Galilean transformations substituted,symmetric
Galilean phaseinstead of f gµv and uµ can be computed. Moreover (2) and
(9) are in agreement with (3), which is a very nontrivial fact. It can be shown that
in thesymmetric gaugethe quantity

η ≡ −m

2
gµvuµuv

is a constant scalar calledinternal energy(connected with the unitary representa-
tions of the Galilei group; see the following discussion). Solving (2) and (9) in an
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inertial frame one gets

(gµv) =


−2η

m
0

1
1

0 1

 , (uµ) =


1
0
0
0

 ,

and the wave equation is

i h∂t9 = − h2

2m
E∇29 + η9.

η is any constant, which cannot be computed with the use of symmetry, because
this equation is invariant with any constant value ofη. The simplest way to explain
it is to stress that in the phase space not only one paraboloid withη = 0 but the
whole family is invariant with respect to Galilei group

E − Ep
2

2m
= η.

However, all unitary representations of the Galilei group with different values of
η are equivalent (see L´evy-Leblond, 1963).

Solving (2) and (9) in a rotating frame (choosingη = 0) one gets the equation
commonly applied when the rotating frame is used (see e.g., BialÃynicki-Birula
et al., 1994; BialÃynicki-Birula and BialÃynicki-Birula, 1997; Bord´e et al., 1991;
Kalińskiet al., 1996; Lämmerzahl, 1996; Mashoon, 1988).

So, thesymmetric gaugeis found, but in a rather involved form. It is necessary
to give the explicit form of thesymmetric phase ffor any transformation (not only
Galilean) in any coordinate system. Again the problem will be solved using the
plane wave solutions.

Let a free-falling particle geodesic be given, with a tangential fourvelocity
Vµ and its rest inertial reference frame (µ′) (in the frame the particle is at rest). In
addition let any reference frame (µ) be given (not necessarily inertial, curvilinear
in general case). Suppose thatgµv anduµ areinvariant, and all used transformation
phasef are supposed to besymmetric. Then in the rest frame the plane wave phase
of the considered particleS′ in (µ′) is zero, such that

∂µS′ = 0.

On the other hand gradient of the wave phase of the same particle in (µ) is

∂µS= mgµvVv − m

2
gαβVαVβ tµ.

Consider the transformation (µ)→ (µ′). It transforms the phase of the wave
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functionS→ S′ = S+m f . After differentiation one gets

m∂µ f = −∂µS= −mgµvVv + m

2
gαβVαVβ tµ.

With the help of thisf one may compute

g′µλ = gµλ + tµ ∂λ f + tλ ∂µ f = gµλ − tλgµvVv − tµgλvVv + gαβVαVβ tµtλ.

Consider nowg′µv near a space–time pointp. Vv will be chosen such thatVµ(p) =
uµ(p). Nearp one has

Vµ = uµ + (Vµ − uµ) ≡ uµ + δuµ,

whereδuµ(p) = 0 and nearp

g′µλ = gµλ − tλgµv δuv − tµgλv δuv + higher powers ofδu,

whereη is chosen to be equal to zero. So

g′µv(p) = gµv(p);

in the case whenη is not equal to zero the last formula is also true (in the case
whenη 6= 0, ∂µS′ = −ηtµ and

∂µ f = −gµvVv + 1

2
gαβVα

(
Vβ tµ − η

m
tµ
)
.

This means that there exists an inertial frame moving with a fourvelocityVµ =
uµ(p) such thatg′µv in it is equal togµv in (µ) at the pointp. So, if uµ was
covariantly constant,gµv would be such as in an inertial reference frame (moving
with the fourvelocityVµ = uµ). But from space–time translation invariance it
follows that∇µuv = 0, and one has the following theorem:

Theorem. Symmetric phase f of any transformation(xλ, uµ)→ (xλ
′
, u′µ

′
) in any

coordinate system always has the Galilean form

∂µ f = −gµvυ
v + 1

2
gλvυ

λυvtµ,

whereυµ = uµ − u′µ.

Symmetric phase fmay be deduced independently from translationinvarianceof
contravariantu and covariantg.

It is not obvious that Equations (9) are generally covariant with respect to
(7); it can be shown that it is really the case whenf is equal tosymmetric phase.
That is, if u andg are invariant in some reference frame, they will beinvariant
in any reference frame. Because our equation (uniquely determined byinvariance
conditions) isinvariant in Galilean frame, it is invariant in any coordinate system.
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6. INVARIANT FORM OF SCHR ÖDINGER’S EQUATION
IN A ROTATING FRAME

Frame of reference (Ex, t) rotating with a constant angular velocityω around
the z′ axis of an inertial reference frame (Ex′, t) will be considered here.Velocity
fieldof a Galilean transformation in the rotating frame is of the form

(υµ) =


0

V1 cosωt − V2 sinωt
V2 cosωt + V1 sinωt

V3

 ,

whereVa have been chosen in such a way that the Galilei transformation in rotating
frame 

t
x
y
z

→


t
x + V1t cosωt − V2t sinωt
y+ V1t sinωt + V2t cosωt

z+ V3t


is equal to ordinary inertial form of Galilean transformation with the velocityVa

whenω = 0 and becomes equal to identity whenVa = 0.
From the equation

uµtµ = 1

it follows that

(uµ) =


1
u1

u2

u3

 ,

and from covariant constancy

(uµ) =


1

ϑ1 cosωt − ϑ2 sinωt − ωy
ϑ2 cosωt + ϑ1 sinωt + ωx

ϑ3

 , ϑa = const.

From Eq. (9) with space rotation (f = 0)
δξ0 = δt
δξ1 = δx
δξ2 = δy
δξ3 = δz

 =


0
x + ε1

2y+ cosωtε1
3z− ε2

3z sinωt
y+ ε2

1x + cosωtε2
3z+ sinωtε1

3z
z+ ε3

1x cosωt + sinωtε3
1y− sinωtε3

2x + cosωtε3
2y
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(wheregibε
b
k = εik = −εki are three infinitesimal rotation parameters) one gets

(uµ) =


1
−ωy
ωx
0

 .
From Eq. (2) andη = 0 one gets

(gµv) =


ω2(x2+ y2) ωy −ωx o

ωy 1 0 0
−ωx 0 1 0

0 0 0 1

 .
The above quantities fulfil all remaining Eq. (9) for all space–time symmetries
with thesymmetric phase f(υ) for Galilean transformation

(∂µ f ) =


ωy(V1 cosωt − V2 sinωt)− ωx(V2 cosωt + V1 sinωt)

V1 cosωt − V2 sinωt
V2 cosωt + V1 sinωt

V3

 .
The explicit form of the Schr¨odinger equation in rotating frame is

i h∂t9 = − h2

2m
E∇29 + i hω(y∂x − x∂y)9,

in accordance with BialÃynicki-Birula et al. (1994), BialÃynicki-Birula and
BialÃynicki-Birula (1997), Bord´eet al.(1991), Kalińskiet al.(1996), Lämmerzahl
(1996), and Mashoon (1988).

APPENDIX (CONNECTION WITH THE WORK OF DUVAL
AND K ÜNZLE AND KUCHA Ř)

Identical quantities used by Duval and K¨unzle and in this paper are as follows:

Duval and Künzle This paper

(γ µv, ψµ, f ) ←------------------------→ (gµv, tµ, f )

uµ − γ µv Av ←------------------------→ uµ

γ
u
µv + Aµψv + Avψµ ←-------------------→ gµv

Aµuµ − 1

2
γ µv AµAv ←-------------------→ 1

2
gµvuµuv
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Gauge transformations of Duval and K¨unzle induce the gauge of Da˘utcourt’s
quantities and vice versa.

If the connection is Newtonian, then (whereR denotes the curvature tensor)

γ ρλRµvλσ = Rµρvσ = Rρµσv ,

which is equivalent to the last condition (8) in the paper of Duval and K¨unzle

∂ [αAβ] + γ
u

[α∇β]uλ = 0.

This is consistent with the gauge (11) and (12) (in the paper of Duval and K¨unzle,
1984)

uα → ûα = uα + gαλwλ, χ → χ̂ = χ + f,

Aα → Âα = Aα + ∂α f + wα −
(

uλwλ + 1

2
gµvwµwv

)
if and only if

wλ = ∂λw.
The explicit form of transformation ofγ

u
µv—uniquely determined by (11) in Duval

and Künzle (1984)—is

γ
u

µv → γ
u

µv − ψµ ∂vw − ψv ∂µw + {2uρ ∂ρw + γ ρσ ∂ρw ∂σw}ψµψv,

and gauge transformation ofAu uniquely determined by (11) and (8) is

Aµ→ Aµ + ∂µ f + ∂µw −
{

uλ ∂λw + 1

2
γ λρ ∂λw ∂ρw

}
ψµ,

whereu in the transformation formulas is that of Duval and K¨unzle. Condition
imposed onAµ can be defined in terms of Da˘utcourt’s quantitiesgµv anduµ used
in this paper. That is, condition (8) of Duval and K¨unzle (1984) has the form

gλ[α∇β]uλ − uλt [α∇β] Aλ − Aλt [α∇β]uλ − gλσ Aλt [α∇β] Aσ = 0,

andis identically fulfilledas a consequence of the algebraic identity

Aµuµ − 1

2
γ µv AµAv ≡ 1

2
gµvuµuv,

whereu on the left hand side is that of Duval and Künzle but on the right is that
of Daŭtcourt!

This equation is covariant with respect to the gauge transformations. Gauge
transformation ofAµ in terms of Da˘utcourt quantities is

Aµ→ Aµ + ∂µ( f + w)−
{

uλ ∂λw + gλv Aλ ∂vw + 1

2
gλv ∂λw ∂vw

}
tµ.
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In the case the gaugef is symmetric (wave equation is invariant with respect to
Galilei group) the covariant “γ ” is invariant and

Aµ = 0 and w = − f.

It should be stressed that in the general case, when the space–time is curved gauges
f andw are independent, and covariant “γ ” is not invariant, so covariantA cannot
be determined in terms of Da˘utcourt quantitiesu andg in this way.

Quantitiesgµv and uµ, which were used by Kuchaˇr (1980), are equal to
Daŭtcourt quantities used in this paper.

Kuchař found the explicit form of the wave equation (again up to some gauge
transformations) in such coordinate systems, which have as one coordinate the
absolute timet and the remaining coordinates lying in a simultaneity hyperplane
(see Chap. VI and Eq. (6.8) of Kuchaˇr, 1980). His Eq. (6.8) is in agreement with
BialÃynicki-Birula et al. (1994), BialÃynicki-Birula and BialÃynicki-Birula (1997),
Bordé et al. (1991), Kaliński et al. (1996), Lämmerzahl (1996), and Mashoon
(1988) as well as Duval and K¨unzle (1984), but with the help of such special
observer considerations (applied by Kuchaˇr) it is difficult to obtaingenerallyco-
variant equation.
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